Background {#Sec1}
==========

Clinical reports have shown that drug treatment in some human pathogens such virus HIV, hepatitis B virus (HBV), and hepatitis C virus (HCV), is not effective. Therefore, designing an optimal drug treatment strategy that leads to sustained immunity has become the essential subject (Shu et al. [@CR13]).

This is the place where mathematical modeling plays an important role as it helps understanding the interactions between viral replication and immune response, (Atangana [@CR1]; Atangana and Alkahtani [@CR2]; Atangana and Goufo [@CR3]; Fenton et al. [@CR6]; Komarova et al. [@CR10]; Li and Shu [@CR11]; Shu et al. [@CR13]).

We consider the mathematical models introduced by Komarova et al. ([@CR10]) which the immune response is assumed to be instantaneous in this model. This model is given by two dimensional ordinary differential equations system, as follows$$\documentclass[12pt]{minimal}
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                \begin{document}$$\left\{ \begin{array}{l} y{'}= y g_r (y) - yz\\ z{'}= z f(y).\\ \end{array}\right.$$\end{document}$$

Note that the time lag should not be taken in this model, however, they proved the existence of two stable equilibrium; virus dominant equilibrium (no sustained immunity) and immune control equilibrium (with sustained immunity).

The bistability in this model leads to sustained immunity when the treatment is stopped, because a solution from the basis of the attraction of the virus dominant equilibrium can be lifted to that of the immune control equilibrium via a single phase of therapy.

After that, Shu et al. ([@CR13]) incorporated the time lag during the immune response process into Komarova et al.'s model and studied the dynamics between an immunosuppressive infection and antiviral immune response.

To formulate their model, they followed the line in Komarova et al. ([@CR10]) and Fenton et al. ([@CR6]). They considered the following model$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l} y{'}(t) = ry(t) (1-\frac{y(t)}{k}) - ay(t) - p y(t) z(t)\\ z{'}(t) = \frac{c y(t - \tau ) z(t - \tau )}{1+ d y(t - \tau )} - q y(t) z(t) - b z(t), \ \ \\ \end{array}\right. \end{aligned}$$\end{document}$$where *y* and *z* denote the virus population size and population size of immune cells, respectively. The virus population is assumed to grow logistically: *r* is the viral replication rate and *a* is clearance rate. In addition, they assumed virus is killed by immune cells at a rate *pyz* and immune cells are assumed to be inhibited by the virus at a rate *qyz* and died at a rate *b*. The activation rate of immune cells at time *t* is assumed to depend on the virus load and the number of immune cells at time $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau$$\end{document}$ is the time lag accounting for the time needed for the immune system to trigger a sequence of events such as antigenic activation, selection and proliferation of immune cells to produce new immune cells. In model [1](#Equ1){ref-type=""}, it is important to note that *f*(*y*), function of immune expansion by virus load, is considered as follows (Shu et al. [@CR13])$$\documentclass[12pt]{minimal}
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Note that if the time lag is ignored, $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau =0$$\end{document}$, model [2](#Equ2){ref-type=""} reduces to the following model:$$\documentclass[12pt]{minimal}
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They studied the local and global stability of the most of equilibria. By using bifurcation theory, they only found Hopf bifurcation in the model when $\documentclass[12pt]{minimal}
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In this paper, we follow the line in Shu et al. ([@CR13]). It should be noted that, we detect another equilibrium point which is not considered in Shu et al. ([@CR13]). Furthermore, we choose another parameters, *r* and *c*, as bifurcation parameters. The parameter *r* is the viral replication rate and the parameter *c* is a coefficient in the function of immune expansion by virus load. We consider *r* and *c* as bifurcation parameters and obtain the following result:(*i*) if $\documentclass[12pt]{minimal}
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                \begin{document}$$r=r_{bif}$$\end{document}$, then the transcritical bifurcation occurs in system [4](#Equ4){ref-type=""},(*ii*) if $\documentclass[12pt]{minimal}
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                \begin{document}$$c = c_{bif}$$\end{document}$, then the saddle-node bifurcation occurs in system [4](#Equ4){ref-type=""},(*iii*) if $\documentclass[12pt]{minimal}
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                \begin{document}$$c = c_{bif}$$\end{document}$, then the saddle-node bifurcation occurs in system [2](#Equ2){ref-type=""}.As we mentioned, Shu et al. ([@CR13]) only investigated Hopf bifurcation by considering $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau$$\end{document}$ as bifurcation parameter. But we find new equilibrium in their model and obtain new dynamical behaviours in the model. Furthermore, we find other important parameters in studying dynamics of this model. To the best of our knowledge, this is the first time that these results are obtained in this immunosuppressive infection model.

The rest of paper is organized as follows. In the next section, we obtain the necessary condition of existence of equilibria in immunosuppressive infection model. In "[Dynamics of the model without delay (system 4)](#Sec3){ref-type="sec"}" section, we will consider the dynamics of model [4](#Equ4){ref-type=""}. The dynamical behaviour of model [2](#Equ2){ref-type=""} is investigated in "[Dynamics of the model with delay (system 2)](#Sec4){ref-type="sec"}" section. In "[Numerical simulation](#Sec5){ref-type="sec"}" section, the validity of the main results is illustrated by numerical simulations. Finally, we state some main conclusions.

Existence of equilibrium points {#Sec2}
===============================
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Shu et al. ([@CR13]) showed that system [2](#Equ2){ref-type=""} with any initial condition $\documentclass[12pt]{minimal}
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                \begin{document}$$(\phi , \psi ) \in C^{+} \times C^{+}$$\end{document}$ admits an unique solution and the solution (*y*(*t*), *z*(*t*)) remains nonnegative for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{+} \times C^{+}$$\end{document}$. Furthermore, they showed that the bounded region$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu = \min \lbrace a, b \rbrace > 0$$\end{document}$, is positively invariant with respect to system [2](#Equ2){ref-type=""} and the system is well posed (Shu et al. [@CR13]).

Now we find the equilibria of system [2](#Equ2){ref-type=""}. We then investigate their stability. As we said in "[Background](#Sec1){ref-type="sec"}" section, we obtain an equilibrium point that it is not considered in Shu et al. ([@CR13]).
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                \begin{document}$$E_0 =(0,0)$$\end{document}$ is a trivial equilibrium of system [2](#Equ2){ref-type=""}, this equilibrium means that any virus cell and immune response do not exist in the body. There exists an equilibrium $\documentclass[12pt]{minimal}
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                \begin{document}$$E_1$$\end{document}$ does not exist any immune response, also viruses are with positive size. Therefore, we call the equilibrium $\documentclass[12pt]{minimal}
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                \begin{document}$$z^{*} >0$$\end{document}$ which means immune response and virus cells are present at the same time. Therefore, the virus cells can be controlled. Now, we consider the following equations$$\documentclass[12pt]{minimal}
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The first equation of [6](#Equ6){ref-type=""} follows that$$\documentclass[12pt]{minimal}
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Shu et al. ([@CR13]) investigated the existence of positive roots of *g*(*y*) when $\documentclass[12pt]{minimal}
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*Remark 1* {#FPar1}
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we have the following Lemma.

**Lemma 1** {#FPar2}
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*By considering*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_1$$\end{document}$, *the following cases occurif*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \le a$$\end{document}$$*holds, then the equilibrium*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0 = (0,0)$$\end{document}$*is the only equilibrium*,*if*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a<r \le r_{t} \; (i.e \; a<r\; \& \; y^{*} \ge \bar{y})$$\end{document}$$*holds, then there are two equilibria:*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_1 =( \bar{y}, 0)$$\end{document}$, *where*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{y}=\frac{k(r-a)}{r}$$\end{document}$,*if*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r > r_{t} \; (i.e \; a<r \; \& \; y^{*} < \bar{y})$$\end{document}$$*holds, then there are three equilibrium*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E^{*} = (z^{*}, y^{*})$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z^{*} =\frac{r(k-y^{*}) - ak}{pk}$$\end{document}$ (Fig. [2](#Fig2){ref-type="fig"}).

Fig. 2Existence of equilibria of system 2 and 4 in parametric space (*c*, *r*)

Dynamics of the model without delay (system [4](#Equ4){ref-type=""}) {#Sec3}
====================================================================

In this section, we provide a complete description about dynamics of system [4](#Equ4){ref-type=""}. To this end, we begin with the following result on local stability of system [4](#Equ4){ref-type=""}.

**Lemma 2** {#FPar3}
-----------
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*Proof* {#FPar4}
-------
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Dynamics of the model with delay (system [2](#Equ2){ref-type=""}) {#Sec4}
=================================================================

In this section, we would like to investigate dynamics of system [2](#Equ2){ref-type=""} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau > 0$$\end{document}$.

Stability of equilibria {#Sec5}
-----------------------
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### **Theorem 1** {#FPar9}

*if*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\le a$$\end{document}$, *then*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0$$\end{document}$*is locally stable; while if*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r > a$$\end{document}$*then*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0$$\end{document}$*is unstable*.
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### **Theorem 2** {#FPar11}
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### **Theorem 3** {#FPar13}
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Saddle-node bifurcation of system [2](#Equ2){ref-type=""} {#Sec6}
---------------------------------------------------------

In this subsection, we want to study codimension-one bifurcations of system [2](#Equ2){ref-type=""}. For this aim, we consider *c* as bifurcation parameter. By Remark [1](#FPar1){ref-type="sec"}, we know that $\documentclass[12pt]{minimal}
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Numerical simulation {#Sec7}
====================

By considering the following parameters:$$\documentclass[12pt]{minimal}
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Conclusion {#Sec8}
==========

An immunosuppressive infection model with discrete delays and without delay is considered. We have analyzed this model without delay in this paper and showed that the model has transcritical and saddle-node bifurcation at different parameters. We obtained a new equilibrium in our model with delay. Then, we have shown that this model undergoes saddle node bifurcation at this equilibrium. We then compute its normal form. Finally, the presented numerical simulations have demonstrated the correctness of the theoretical analysis.

Appendix (Center manifold for DDES) {#Sec9}
===================================

We consider the center manifold theory is stated in Dadi et al. ([@CR5]). In this section, we briefly state the center manifold theory for DDEs with parameters. For more details, one can refer to Balachandran and Kalmar-Nagy ([@CR4]), Hale and Lunel ([@CR8]) and Hale ([@CR9]). Consider the general delay-differential equation$$\documentclass[12pt]{minimal}
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